We present a class of inflationary potentials which are invariant under a special symmetry, which depends on the parameters of the models. As we show, in certain limiting cases, the inverse symmetric potentials are qualitatively similar to the α-attractors models, since the resulting observational indices are identical. However, there are some quantitative differences which we discuss in some detail. As we show, some inverse symmetric models always yield results compatible with observations, but this strongly depends on the asymptotic form of the potential at large e-folding numbers. In fact when the limiting functional form is identical to the one corresponding to the α-attractors models, the compatibility with the observations is guaranteed. Also we find the relation of the inverse symmetric models with the Starobinsky model and we highlight the differences. In addition, an alternative inverse symmetric model is studied and as we show, not all the inverse symmetric models are viable. Moreover, we study the corresponding F (R) gravity theory and we show that the Jordan frame theory belongs to the R 2 attractor class of models. Finally we discuss a non-minimally coupled theory and we show that the attractor behavior occurs in this case too.
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I. INTRODUCTION
The inflationary paradigm is one of the most successful descriptions of the early-time evolution of our Universe, in the context of which, many shortcomings of the Big Bang cosmology are successfully resolved [1] [2] [3] [4] . In a recent study [5] , a new class of models was introduced and these models are now known as α-attractors models. These models are based on a slow-rolling canonical scalar field with a characteristic functional form of the inflationary potential. The most appealing feature of this new class of cosmological models is that the resulting spectral index of primordial curvature perturbations and the scalar-to-tensor ratio is common to all the models belonging to the general class of the α-attractors models, for large values of the e-foldings number N . Later studies on these models [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , and also some earlier studies in the same context [17] , indicated that several well-known canonical scalar field models like the Starobinsky model [18, 19] , and the Higgs model [20] , are limiting cases of the α-attractors models. In addition, the fact that the latest Planck data [21] indicate that the latter two models are in concordance with the observational constraints, render the α-attractors models quite timely and intriguing models. Intriguing because there seems to be a common origin behind all the viable cosmological models of inflation. In fact, all the α-attractors models potentials have a large plateau, for large values of the canonical scalar field, and all these models are asymptotically quite similar to the hybrid inflationary scenario [22] . Another important feature of the α-attractors models is that in many cases these are supergravity originating, and in most cases supersymmetry breaking occurs at the minimum of the potential [23] . Interestingly enough, the late-time acceleration era can find a successful explanation in the context of α-attractors models [24, 25] . Also for an interesting approach with regards to a renormalization group Higgs potential, see [26] .
In this paper we shall present another interesting class of potentials which may lead to the same observational indices with the α-attractors. This means that this new class of models, to which we refer to as "inverse symmetry attractor models", belongs to the α-attractors models, if certain requirements are met. The inverse symmetry attractor models have a symmetry property related to a deformation parameter β which appears in the potential. Particularly, the potentials are invariant under the transformation β → 1 β and this actually justifies the name "inverse symmetry attractors". Special cases of this class of models, were originally studied in the context of holographic models [27, 28] , and also see Ref. [29] for a recent study. In this paper we are interested in some special cases of these inverse symmetry attractors, which have the interesting property of belonging to the α-attractors models. We shall investigate in detail when this property occurs and also we thoroughly discuss all the different cosmological inflationary scenarios that these models imply. In all cases we shall calculate the slow-roll indices and the corresponding observational indices and we compare the results to the latest observational data. As we will show, not all the inverse symmetry models lead to results compatible with the observations. However, it is intriguing that the α-attractors related inverse symmetry models are, in most cases, compatible with the observational data. Finally, for the latter models, we shall find the corresponding F (R) gravity equivalent theory and we thoroughly investigate whether the attractor property remains in the Jordan frame too. Finally we study a non-minimally coupled scalar theory which is symmetric under the transformation β → 1 β , and as we show, the attractor behavior occurs in this case too. This paper is organized as follows: In section II we present the essential features of inverse symmetric attractors and we investigate under which conditions these models can belong to the α-attractors class of models. To this end we calculate and study the slow-roll indices and the corresponding observational indices in various limits, and we critically discuss the results. In section III we compare the inverse symmetry attractors to the α-attractors and we discuss the qualitative differences of the two classes of models. Also we present another inverse symmetry model and we study its cosmological phenomenological implications. In section IV we study the F (R) gravity corresponding theory of the inverse symmetry attractor model we studied in section II and we investigate whether the attractor property occurs in the Jordan frame too. In section V we study a non-minimally coupled scalar-tensor theory and we demonstrate that the attractor behavior occurs in this case too. Finally, the conclusions follow in the end of the paper.
II. ESSENTIAL FEATURES OF INVERSE SYMMETRIC ATTRACTORS AND SLOW-ROLL INFLATION
In the following we shall consider a canonical scalar field theory, with the gravitational action being of the form,
The geometric background we shall use in this paper is a flat Friedmann-Robertson-Walker metric, with line element,
where a(t) denotes the scale factor. Also we assume that the connection is a metric compatible and torsion-less, symmetric affine connection, the Levi-Civita connection. Finally we use a physical units system such that = c = 8πG = κ 2 = 1. The focus in this paper is on inflationary potentials that depend on a free parameter β and have the symmetry β → 1 β . One particularly interesting potential is the following:
and in the following we shall extensively study the inflationary features of this potential. Also we shall discuss the similarities of this potential with the inflationary attractors described in Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] . The parameter µ in the potential (3) is an arbitrary mass scale, also n is a freely chosen positive real number, while β is a free parameter the values of which determine the behavior of the inflationary potential. Also the parameter m is assumed to be a real positive number which satisfies m ≫ 1. As it can be easily checked, the potential (3) is invariant under the transformation β → 1 β , and similar potentials were studied in Refs. [27] [28] [29] . Actually, potentials with the symmetry β → 1 β are related to holographic models, see Refs. [27] [28] [29] and references therein. Let us now discuss the interesting features of the model (3), and firstly we discuss two limiting cases of the parameter β, namely the cases β > 1 and β < 1. Suppose that β = α, and in the case β = α > 1, since m ≫ 1, this implies that β m ≫ 1. In effect, for β > 1 the potential becomes approximately equal to,
This behavior is due to the fact that the term e ϕ , for α > 1, so let us calculate these terms for α = 11 and for ϕ = 10 4 , where the canonical scalar field value should be chosen to be large, as it is expected during the inflationary phase, but the value we chose suffices to explain our argument. Then the aforementioned exponentials become,
so this behavior clearly explains our argument. Now let us focus on the other limiting case, namely β < 1 which implies β m ≪ 1, so let us choose β = 1 α , with α satisfying α > 1, as in the previous case. In this case then, the potential becomes,
which is identical to the limiting case potential of Eq. (4). Therefore, the two limiting cases, namely β > 1 and β < 1 yield the same potential, a result which to some extent was expected due to the symmetry β → 1 β . The result of the two limiting cases shows us that the limiting potential is identical to the attractor potentials of Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] , however there are some fundamental differences, as we show later on. Before we discuss this issue, let us firstly calculate the slow-roll indices and the corresponding observational indices for the limiting potential (4).
A. Slow-roll Era and Inflationary Indices
Depending on the values of the parameter α, the slow-roll era for the potential (4) can yield quite different resulting expressions for the slow-roll indices and the corresponding observational indices. The slow-roll indices for a canonical scalar theory are equal to,
and also the e-foldings number N can be given in terms of the potential, during the slow-roll regime, so the resulting expression is,
where the initial value of the canonical scalar field is ϕ i , which we assume to be the value of ϕ at the horizon crossing, and ϕ f is the value of the scalar field at the end of the inflationary era. The inflationary era ends when the first slow-roll index ǫ becomes of order O(1), so the condition ǫ ≃ 1 yields,
By integrating (8) , for the potential (4) we get the following expression at leading order,
so by substituting (9) in (10) we get,
The slow-roll indices calculated at the horizon crossing ϕ = ϕ i are equal to,
so by substituting Eq. (11) in Eq. (12), we have,
We can easily calculate the observational indices of inflation, and particularly the spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio r, evaluated at the horizon crossing. The analytic expressions of n s and r in terms of the slow-roll indices are given below,
so by substituting (13) in (14) we have,
At this point, the resulting behavior of the inflationary observational indices strongly depends on whether α 2 > N or α 2 < N and also on the values of n. We assume that N ∼ 50 and also that n > 1, so the case α 2 > N can be realized for α > 8, in which case the observational indices are approximately equal to,
By choosing for example (α, n) = (35, 8) , the observational indices are,
The latest Planck data [21] indicate that the spectral index and the scalar-to-tensor ratio are constrained as follows,
so the results (17) are compatible with the Planck constraints (18) . Let us now turn our focus on the case N > α 2 , and for N = 60, the parameter α should be chosen to take values in the interval (1, 7) . In this case, the observational indices of Eq. (15) are approximately equal to,
We need to note the functional resemblance of the resulting observational indices (19) to the results of the attractors of Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] . We shall discuss this issue in detail in the next section. The observational indices (19) can be compatible with the Planck results (18) , for example by choosing (α, N ) = (4.1, 60), we have,
which are in good agreement with (18) . It is important to note that the values (α, N ) = (4.1, 60) are not the only ones for which compatibility with the observational data can be achieved. For example by choosing (α, N ) = (1.1, 55), the observational indices take the following values,
which are in good agreement with the Planck data.
B. Comparison with the Ordinary α-attractors
Let us now compare the results we obtained in the previous section, with the results of the attractor models of Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] . We consider two types of models, namely the T-models and the E-models, with the first models having the following potential,
where µ is a positive mass scale. In addition, the E-models have the following potential,
with the parameter n being a positive number. In the case of the E-models, the potential in the small α limit reads,
and it can be checked that the small-α limit of the T-models is a subcase of the potential (24) . By calculating the observational indices for the limiting potential (24) , always in the small-α limit, we obtain at leading order,
By comparing the results of Eqs. (19) and (25), we can see that these are identical. However, the difference is that the observational indices of Eq. (19) are obtained for the parameter α satisfying α > 1, while the ones of Eq. (25) are obtained for α ≪ 1. This is the main difference between the inverse symmetric attractors and the ordinary attractors of Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] . Another difference is that in the case of the ordinary attractors, for α = n = 1, the potential (23) becomes,
which is the potential of the Starobinsky model [18] . In the case of the inverse symmetric attractors, the limit β = 1 cannot be taken, since divergences occur. In the next section we shall discuss this issue in some detail.
III. RELATION OF INVERSE SYMMETRIC POTENTIALS WITH THE EXPONENTIAL R 2 MODEL AND OTHER MODELS
Unlike the ordinary attractor models of Refs. [6] [7] [8] [9] [10] [11] [12] [13] [14] , the inverse symmetric potential of Eq. (3) cannot yield, at first sight at least, the Starobinsky model [18, 19] , since the limit β → 1 makes the potential (3) singular. In this section we shall study the behavior of the potential (3), in the limit β → 1. To this end we assume that β = 1 + ε, with the parameter ε being an infinitely small number ε ≪ 1. So in order to find the behavior of the potential near β = 1, we will substitute β = 1 + ε in the potential (3) and we expand in powers of ε for ε → 0. By doing so we obtain the following expansion,
where we omitted higher order terms in ε, since these are subdominant in the limit ε → 0. By keeping the leading order term, the potential is,
and since m ≫ 1, the last term can be omitted. Hence, in the limit ε → 0, the potential can be approximated as follows,
The resulting approximate form of the potential (29) , functionally looks like the Starobinsky model in the limit ϕ → ∞, however it is different due to the factor "2". Hence, the functional behavior of the potential (3) in the limit β → 1, looks like the Starobinsky model functionally, but it is not the same. This behavior of the inverse symmetry potential (3) can be regarded as another difference between the ordinary attractors and the inverse symmetry attractor potentials.
A similar model to the one appearing in Eq. (3) is the following canonical scalar field model, with its potential being,
where m ≫ 1 and the parameters µ and β being chosen as the ones of the model (3). The model (30) is almost identical to the holographic-inspired model of Ref. [29] , so in this section we shall investigate the phenomenological implications of this model. The model (30) is symmetric under the transformation β → 1 β , and in the case β > 1, and by assuming that β = α, with α > 1, the potential can be approximated as,
and in the case β < 1, where in this time β = 1 α , the potential is again approximated by the expression in Eq. (31). So the two different limits of the parameter β yield the same resulting limiting potential, and this is due to the fact that the potential is symmetric under β → 1 β . Let us now calculate the slow-roll indices for this limiting potential and also the corresponding observational indices. The slow-roll indices for the limiting potential (31) have a particularly simple form,
and the corresponding observational indices are,
It is obvious that the case at hand is much more constrained in comparison to the model (3), since the resulting observational indices depend solely on one parameter α. For α = 4.5 the spectral index n s and the scalar-to-tensor ratio read,
so in this case it is not possible to obtain compatibility with the Planck data. However, for α ≫ 1, one obtains an exactly scale invariant spectrum with an extremely small scalar-to-tensor ratio. In Table I we have gathered the results for the models (3) and (30) . As a conclusion, we can firmly say that not all the inverse symmetric models 
result to an attractor behavior, but it is certain that the models which in some limit are equal to the potential of Eq. (4), then it is possible that these lead to the attractor observational indices (19) .
IV. THE F (R) GRAVITY DESCRIPTION OF SYMMETRIC ATTRACTORS
Having described the Einstein frame picture, let us now investigate the F (R) gravity [30] [31] [32] equivalent theory corresponding to the potential (4). Before going to the details of the calculation, let us recall in brief some essential features of the Einstein-Jordan frame correspondence, for details we refer to Refs. [17, 30, [33] [34] [35] and references therein. We consider the following F (R) gravity action,
withĝ µν being the metric tensor in the Jordan frame. By introducing the auxiliary scalar field A in the gravitational action (35) , the action can be written as follows,
Varying Eq. (36) with respect to the auxiliary field A, we obtain the solution A = R, so in effect, the actions (36) and (35) are mathematically equivalent. Then, in order to connect the Jordan to the Einstein frame, we perform the following canonical transformation,
where ϕ is the canonical scalar field in the Einstein frame. By making the following conformal transformation in the Jordan frame metricĝ µν ,
−ϕĝ µν (38) we can obtain the Einstein frame canonical scalar field action,
The detailed form of the canonical scalar field potential V (ϕ) is equal to,
Then it is easy to find the F (R) gravity which corresponds to the potential (40), and this can be done by combining Eqs. (40) and (37) . So by taking the derivative of Eq. (40), with respect to the Ricci scalar, we obtain the following differential equation,
with
dR . By solving this with respect to F R , yields the resulting F (R) gravity which generates the potential V (ϕ). By substituting the potential (4) in Eq. (41), we obtain the following algebraic equation,
This algebraic equation can be solved at leading order with respect to the Ricci scalar, and the parameter α plays a crucial role. Since F R ≫ 1 during the slow-roll inflationary era (this can be seen by looking at the canonical transformation (37)), we can see that since α > 1, the the exponent of the second term in the right hand side of Eq. (42), satisfies the following inequality 1 − 1 α < 1. In effect, the second term in Eq. (42) is subleading, hence at leading order F R ≃ R 4αµ . By substituting this in Eq. (42), we obtain that,
where Λ is an integration constant. In the following we shall assume that the F (R) gravity at leading order is,
Having the approximate expression for the F (R) gravity, we can calculate the approximate expression for the Hubble rate in the slow-roll regime and eventually we can compute the observational indices. The equations of motion corresponding to the action (35) , for the FRW metric (2) , are equal to,
and therefore by dividing with H(t) 2 , we obtain,
During the slow-roll era, the only dominant term in the above differential equation is the second one, so by solving the resulting equation we obtain the Hubble rate during the slow-roll era, which reads,
which is a quasi-de Sitter evolution, as it was probably expected. Notice that H 0 , H i in Eq. (48) are arbitrary integration constants, and t k is the time instance that the horizon crossing occurs during the inflationary era. Having the Hubble rate at hand, we can easily calculate the slow-roll indices, which in terms of the Hubble rate for a general F (R) gravity are equal to [36] ,
In addition, the spectral index n s and the scalar-to-tensor ratio r read,
Then by following the same description as in Ref. [37] , we obtain the leading order N observational indices, which are,
The resulting picture is identical to the one obtained for the ordinary R + γR 2 model at leading order. We need to note that the resulting observational indices are independent of α.
V. NON-MINIMAL COUPLING DESCRIPTION
The approach we adopted for the Einstein frame theory can be extended in the case of a non-minimally coupled theory, in which case the gravitational action reads,
where the function f (φ) will be chosen to be symmetric under the transformation β → 1 β . The gravitational equations of motion for the action (52), for a FRW metric, are equal to,
where the "dot" denotes differentiation with respect to the cosmic time. For a non-minimally coupled scalar-tensor theory, the slow-roll indices are equal to,
where the function E is in this case equal to,
In terms of the slow-roll indices, and during the slow-roll era, the observational indices read,
where it is assumed that ǫ i ≪ 1, i = 1, .., 4, and the parameter Q s is equal to,
We shall use the slow-roll conditions in order to find a simplified expression for the scalar-to-tensor ratio r, valid during the slow-roll era, so we will calculate Q s during the slow-roll era. The gravitational equations (53) during the slow-roll era, are simplified as follows,
3Hφ − 6H
where the "prime" denotes differentiation with respect to the scalar field φ. The the parameter Q s takes the following form,
and by using the slow-roll equation (60), the parameter Q s is approximately equal to,
So by combining Eqs. (56) and (62), the scalar-to-tensor ratio finally reads,
Also in terms of the slow-roll indices, the spectral index of primordial curvature perturbations n s takes the following form,
Having the above at hand we can proceed and specify the function f (φ) and we discuss the relation of the nonminimally coupled theory with the inverse symmetric attractors of the previous sections. A convenient choice for the function f (φ) is the following,
where ξ > 0 and n > 0, while β is chosen as in the previous sections. Also, the potential V (φ) can be chosen in such a way so that it contains higher powers of the exponentials appearing in the function f (φ) in Eq. (65), but for the purposes of this paper, it suffices to choose the potential to be simply a constant, that is V (φ) = Λ, with Λ > 0.
The function f (φ) in Eq. (65) is symmetric under the transformation β → 1 β , so by using the slow-roll formalism we developed in this paper, we shall calculate the slow-roll indices and the corresponding observational indices of this theory. We shall use a physical units system where κ 2 = 1 and also we assume that ξ = 1 for simplicity, but the results are robust towards the choice of ξ. If β > 1, then the function f (φ) is approximately equal to,
so by using the slow-roll approximated equations of motion, we have,
Alsoḟ in the slow-roll approximation reads,ḟ
The first slow-roll index is,
so by using (67) and (68), the first slow-roll index becomes,
In the same way we can calculate the slow-roll indices ǫ 2 and ǫ 3 , which are approximately equal to,
So by combining Eqs. (63), (64), (70) and (71), we have,
We can introduce the e-foldings number in the final expression for the observational indices (72), by using the following relation,
where t k is the horizon crossing time instance and φ k the value o the scalar field at that time, t f the time instance that inflation ends and φ f the corresponding value of the scalar field. Also for the derivation of (73) we used the fact that φ k ≫ φ f , which is justified since during the slow-roll inflationary era, the values of the scalar field are quite large. From Eq. (73) we have 
Finally, for n = 2 √ 3
, the observational indices read,
which are identical to the resulting observational indices of Eq. (19) . Hence as we demonstrated, it is possible to have the attractor behavior even with a suitably chosen non-minimally coupled theory. Finally, we need to note that the non-minimally coupled theory we chose is different from the strongly coupled non-minimally coupled theory of Ref. [38] , where the function f (φ) has to satisfy a different class of criteria, and also ξ should be quite large.
VI. CONCLUSIONS
In this paper we studied some inflationary potentials with a special inverse symmetry. As we demonstrated, it is possible that these inverse symmetry models can belong to the more general class of α-attractors models. As we showed, this is possible in some limits of the theory, however, there are some quantitative differences with the α-attractors models. We investigated various limiting cases of the inverse symmetry models and we showed that in all cases, compatibility with the observational data is achieved. We discussed in some detail all the qualitative features of the inverse symmetric models of inflation and also we investigated whether these models can be limiting cases of the Starobinsky model, with the answer lying in the negative. Also we showed that not all inverse symmetric potentials yield quantitatively viable results, and as we showed, it seems that when the limiting inverse symmetric potential is identical to the one corresponding to the α-attractor models, then compatibility with the observations can be achieved. Moreover, we found the F (R) gravity theory corresponding to the inverse symmetry model and we calculated the observational indices in order to see if the attractor property remains. As we showed, the resulting indices are identical to the ones corresponding to the R + γR 2 model, so the R 2 model is the attractor of this kind of potentials in the Jordan frame. Finally, we showed how the attractor behavior can occur in the case of a non-minimally coupled scalar-tensor theory.
What we did not address in this paper is the relation of the inverse symmetric attractors with supergravity superpotentials. The motivation for this study is that some of the inverse symmetric models are directly related to supergravity superpotentials [27] , so what now remains is to investigate whether the α-attractor related inverse symmetric potentials can be derived by supergravity. We defer this task to a future work.
